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Background

Modules [Hartwell et al., Nature 402:c47 (1999)] are composed of many types of molecules and have
discrete functions that arise from interactions among thei r components. They can be

� insulated from each other: carry out diverse reactions without cross- talk.

� connected to each other: one function can in�uence another.

� overlapping : a component may belong to different modules at different ti mes.

In undirected networks with a single edge type, modules can b e de�ned as densely connectedsets of
nodes with few edges to the rest of the network. In directed ne tworks or integrated networks with
multiple edge types, such a simple de�nition does not exist.

Network motifs [Shen-Orr et al., Nat Genet 36:64 (2002)] are small subgraphs (2-4 nodes) which occur
signi�cantly more often than expected by random chance. In t ranscription regulatory networks,
network motifs have been shown to aggregate into larger topo logical units which form prototypical
examples of functional modules which receive, process and output signals as independent units.

Motivated by this example, motif based modules which satisfy all of the above constraints are de�ned.
An algorithm for the automatic identi�cation of such module s is presented.

Motif based modules in integrated networks

An N-node weighted network is de�ned by an N � N adjacency matrix A such that A ij > 0 if there is
a directed edge from node i to node j. An integrated network is de�ned by a set of adjacency matric es
A(1), A(2), . . . . A network motif is a small k-node graph with k � k adjacency matrix M. By convention,
if Mm,n = ` > 0, then the motif contains a directed edge of network ` between motif nodes m and n.
The weighted presence or absence of motif M between k nodes i1, . . . ,ik can be represented by an
adjacency tensor

Ti1...ik = Õ
f (m,n) : Mmn> 0g

A(Mm,n)
imin

.

A motif-based module is de�ned by sets of nodes Xm for each motif node m = 1, . . . ,k, and a modu-
larity score is de�ned by

S(X1, . . . ,Xk) =
å i12 X1,...,ik2 Xk

Ti1...ik

jX1j
1
2 . . . jXkj

1
2

. (1)

We are interested in identifying high-scoring modules.

Algorithm

For real valued vectors u1 . . . ,uk de�ne the continuous version of eq. (1):

R (u1 . . . ,uk) =
å i1,...,ik Ti1...iku1,i1 . . .uk,ik

ku1k . . .kukk
. (2)

Notice that S(X1, . . . ,Xk) = R (uX1
, . . . ,uXk

) with uX,i = 1 if i 2 X and 0 otherwise.

Input : a network motif M .
While number of motifs > 0 do

1. Compute
(v1 . . . ,vk) = argmax

(u1...,uk)
R (u1 . . . ,uk) (3)

2. For m = 1, . . . ,k determine Xm such that

uXm
= argmax

X
huX, vmi (4)

3. Store the module (X1, . . . ,Xk), remove all motifs between nodes in X1, . . . ,Xk from the network and
repeat for the truncated adjacency tensor.

Output : An optimal partition of all instances of M into high-scoring modules.

Mathematical analysis

The following results can be proven

1. There is aunique maximizer (v1, . . . ,vk) of eq. (3) for each irreducible component of T; (v1, . . . ,vk)
all have non-negative entries (generalized Perron-Frobenius theorem).

2. If (Y1, . . . ,Yk) is the true maximizer of (1) and (X1, . . . ,Xk) an arbitrary module, then

0 � S (Y1, . . . ,Yk) � S (X1, . . . ,Xk) � f
�
huX1

, v1i , . . . ,huXk
, vki

�

with f (1, . . . , 1) = 0. Hence the choice in eq. (4) isoptimal and its maximal deviation of exactness
can be estimated.

3. Every complete topological generalization of the network motif is retrieved by the algorithm.

Figure: Overlaps huX, vi (see eq. (4)) for generalizations of the TF feed-forward loop motif (1 � 3) and
coregulated protein motif (4 � 5) in the `mega-network' of S. cerevisiae(see below).

Integrated modules in the `mega-network' of S. cerevisiae

We have run the algorithm on the `mega-network'of S. cerevisiae[Ptacek et al., Nature 438:679 (2005)] consisting of 6306 nodes, 37299protein-protein ,
9328transcription factor binding and 4624phosphorylation interactions, using all previously identi�ed motifs. Belo w is a small sample of modules.

Coregulated interacting proteins

Typical module : coregulated proteins densely connected in PPI
network (complexes).

Cophosphorylated interacting proteins

Typical module : cophosphorylated proteins with `hierarchical'
structure in PPI network.

Some modules with 3 interaction types


